Process Systems Engineering

Performance Bounds for Robust Quadratic
Dynamic Matrix Control with End Condition

Premkiran Vuthandam, Hasmet Genceli, and Michael Nikolaou
Dept. of Chemical Engineering, Texas A&M University, College Station, TX 77843

Sufficient conditions for robust stability of multivariable quadratic dynamic matrix
controllers with an end condition (EQDMC) are developed, and the effect of these
conditions on closed-loop performance is examined. Hard and soft constraints on
process inputs and outputs, and process modeling uncertainty are present. Modeling
uncertainty is quantified in the time domain as upper and lower bounds on the coeffi-
cients of a finite pulse response process model. The robust stability conditions that we
develop involve the prediction and control horizon lengths, and a set of inequalities that
the move-suppression coefficients in the on-line EQDMC objective function must sat-
isfy. These conditions imply that for processes with modeling uncertainty, the mouve-sup-
pression coefficients could be quite large and quite sensitive to the control horizon length
and process modeling errors. This could make the EQDMC controller conservative,
thus significantly deteriorating performance. To determine the optimal control horizon
length corresponding to the best robust performance of the EQDMC controller for a
class of disturbances, follow the proposed EQDMC controller design methodology. To
illustrate this methodology simulations on an SISO example and a 2 X 2 subsystem of

the Shell Standard Control Problem are presented.

Introduction

Studies on the analysis and synthesis of robust model-
predictive control (MPC) have drawn a great deal of interest
from researchers in this area. Reasons that make the MPC
problem interesting are

» The presence of process input and output constraints,
which render the closed-loop nonlinear, even if the process is
linear;

» The need for a suitable uncertainty description, so that
the robust stability and performance of an MPC closed loop
can be studied.

Robust stability and performance conditions for MPC
without process input and output constraints are discussed in
Morari and Zafiriou (1989). The analysis and synthesis meth-
ods presented therein are developed in the frequency do-
main. For linear processes with constraints, but no uncer-
tainty, Zafiriou (1988) provided guidelines for the tuning of a
class of MPC. Rawlings and Muske (1993) developed stability
conditions for finite-horizon-constrained MPC controllers
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that guarantee infinite horizon stability. Meadows and Rawl-
ings (1993) extended the ideas in Rawlings and Muske (1993)
to constrained nonlinear systems. Genceli and Nikolaou
(1993) developed sufficient conditions for robust stability of
single-input single-output (SISO) MPC systems with /; on-line
objective functions, respectively. Zheng and Morari (1993)
presented robust stability conditions based on a min-max ap-
proach.

In this article we formulate the multivariable quadratic dy-
namic matrix control (QDMC) problem with an end condi-
tion (EQDMC) and present a generalization of the robust
stability and performance conditions developed by Genceli
and Nikolaou (1993b) for SISO systems with input/output
constraints and modeling uncertainty. We focus on the effect
of modeling uncertainty on closed-loop performance. As in
Genceli and Nikolaou (1993), keys to deriving the robust sta-
bility and performance conditions are

e Satisfaction, by process inputs, of an end condition in
the moving horizon on-line optimization problem

e Characterization of process modeling uncertainty in the
time domain, as lower and upper bounds on the coefficients
of the pulse-response model of the process.
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Controller-tuning parameters that appear in the robust sta-
bility and performance conditions include:

e Values of the weights in the control move-suppression
terms of the on-line objective function
e The lengths of the prediction and control horizons.

Although frequency domain methods have been proved ex-
tremely fertile for robust control of linear systems, they have
not been equally successful for constrained (hence nonlinear)
MPC. Moreover, the experimental or computational determi-
nation of frequency domain uncertainty as an upper bound
on the norm of the process model perturbation can be quite
demanding. On the other hand, description of modeling un-
certainty in the time domain can greatly capitalize on a
plethora of experimentally convenient parameter identifica-
tion methods that use statistics to provide confidence inter-
vals for the parameters of finite pulse response models (see,
for example, Box and Jenkins, 1976). While statistical meth-
ods provide only soft bounds, hard bounds corresponding to
probability “close” to 1 may be established. In addition to the
statistical approach, an optimal system identification for con-
trol purposes can be performed according to the ideas in Chen
et al. (1992), who develop bounds for step and pulse response
models as the result of solving a simple linear programming
problem.

The robust stability conditions that we develop in the se-
quel dictate values for the weights in the move-suppression
terms of the on-line objective function that increase as mod-
eling uncertainty increases. This results in closed-loop per-
formance that initially improves, as we start from a very short
control horizon and expand it, but later deteriorates, as we
extend the control horizon to excessively large lengths. One
can find an intermediate control horizon length where
closed-loop performance is optimal, for a class of dis-
turbances. A detailed methodology is presented in the main
text. It should be emphasized that the above phenomenon of
deteriorating performance for too short or too long control
horizons occurs only when the slightest modeling uncertainty
is present, which, of course, is the case for all practical prob-
lems. For process models that are infinitely accurate, the MPC
methodology we propose suggests that closed-loop per-
formance does not deteriorate as the control horizon length
increases. This is reassuringly in agreement with well-known
facts from the linear-quadratic regulator (LQR) theory.

The rest of this article is structured as follows: We first
formulate the multivariable EQDMC algorithm, and present
robust stability and performance results for multivariable
EQDMC. We then summarize our results in a tuning
methodology for EQDMC. Finally, we illustrate our robust
MPC design method through a number of simulations.

Formulation of Multivariable EQDMC

We consider a process (assumed to be open-loop stable)
modeled by a unit-pulse or unit-step response model. In
EQDMC the end condition (Eq. 8 below) constrains the pro-
jected input vector in the control horizon to take a final value
that drives the projected steady-state value of the process
output vector to the setpoint. This is helpful in developing
robust stability conditions that guarantee zero offset. Also
present in the EQDMC formulation are input constraints and
soft output constraints, so that feasibility of the on-line opti-
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mization problem can be guaranteed. The full on-line opti-
mization problem to be solved at time & is cast as follows:

min J(ky ()
ek +1),...,elk + nw),Aulk), Au(k +1),..., Aulk + p)
with
no nh 5
J(k)= Z U,‘ Z ()_),(k +j)_yisp)
i=1 j=1
no nw ni p
+ YWY k+ D+ Y, Yo Auik+)) D
i=1  j=1 i=1j=0
subject to
Process output prediction:
N —_
yk+i)= ) gulk+i—j)+dk+10); €))]
j=1
Disturbance prediction:
B _ N
Ak +i)=d(k) = y(k)— Y gulk—j)=d(k)
j=1
N
+ ¥ eulk—j); @
j=1
Input move constraint:
Aulmaxz Aul(k+i)2—Au,max, ISlSnl, (5)

Input consiraint:

w zulk+dzu , l<l<ni, for i=01,..,p;

(6)
Softened output constraint:

yi telk+pzylk+jzy, —elk+)), 1<i<no,
(7)

j=12,...,nw;

End condition:

ulk +p+i)=G"(y?—dk)), i>0 ®)

where

no = number of outputs; rni( = no), number of inputs
nh = prediction horizon length
p= control horizon length
nw = soft constraint horizon length
N=number of past inputs used in the pulse response
model
J(k)= on-line objective function to be minimized at time

G = steady-state no X ni gain matrix of the multivari-
able plant
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h;, g=no X ni matrices containing the ith unit-pulse re-
sponse coefficients for the real plant and the plant
model, respectively

¢; = h; — g;= modeling error
y(k)= actual output column vector of dimension no at
time &
Yimax> Yimin = Upper and lower bounds on y,{k), respectively
y(k + )= predicted output vector at time k + i
y°7 = output setpoint vector of dimension no
u(k)= input column vector of dimension ni at time k
Ujmax> Yimia = Upper and lower bounds on u,(k), respectively
Aulk + )= u(k +i)— u(k 4+ i — 1) = control move vector
Aljrax, Altymiy = upper and lower bounds on Au,(k), respectively
d(k)= predicted disturbance vector of dimension no, at
time k
d(k)= actual disturbance at time k
€,(k + j)= constraint violation variable for the ith output pre-
diction at time k + j: €(k + j)=max{0, [y(k + )
= Yimanh Dimin = yilk + I}
v, = weights for the output deviation term in the objec-
tive function
w,; = weights for the output constraint violation terms in
the objective function
r; ;= move-suppression weight terms for the jth move
and the ith input in the objective function

We take the real output y(k) to be

N
YR =d(O+ Y huth— ) ©)

j=1

Robust Stability of Muitivariable EQDMC

Theorem (Genceli, 1993)

For a plant described by Eq. 9, and external disturbances
d(k) such that for a certain M >0,

d.<dlk)<d (10)

min = max

lAd(k)l < Ad (1D
where Ad,, >0 if k< M; Ad_,, =0, that is, d(k)=d,, if
k> M, the closed-loop multivariable EQDMC system de-
scribed by the set of Egs. 1 to 8, is stable with zero offset if
the following conditions are satisfied:

(i) G has full rank (no);

(i) The control horizon, prediction horizon, and constraint
window lengths (p +1, nh, and nw) satisfy the inequalities

uimax B ulmin 1 1 . 1 .
— -1, i=1,...,ni

nczp+12pmm=max{ Au

Imax

(12)

where nc = min {nh —1, nw —1};
(iii) Process modeling and disturbance uncertainty satisfy
the conditions

no no N
(iii.a) max{G;u; ,Gyu, }=yF—-d;, + Yiux Ej s
I=1 1=1] j=t
(13a)
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no no N
(iii.b) Y- min{Gu, Gyu, Y=y —d; + X (U X Ey
I=1 =1 j=1
(13b)
min(Ay, ) N
. l max
(W)W - mlax {Aulmx} Z “E,

j=1

> mlax(Aa’,»max) >0; (14)

where 1<i<no, 1<l<no, 1<j<N; Uy=max {lu,_}
lu, 1} lejyl < Ej;y, and E; is a square matrix with entries E;
that place an upper bound on the modeling error ¢;

(v) The move suppression terms {r;;};_,
calculated from the recursive formulas;

p
,pLz[I_WTD]“’( Y [c;‘+é;*]+aL) (15)
j=-N+1
and
0
I'IL= rj_1+\G‘1E1wj|T"p Z lG_lEl—Sl]LT
s=-N+1
+CF+Cr+8L, 0<j<p, (16
where

&=small positive number

ry=diaglr, ;... ;};

L =column vector of dimension ai whose entries are
identically 1;

N
w= Y IG'E]; an
i=1
D = diagonal matrix with
no
D= Y Wy (18)
j=1
C,*, éj‘= no dimensional vectors whose nth terms are
no 4
[Cj* ],, = Z Z |Cn,r,j,:|v
r=1s=-N+1 (19)

no P
[CAI*],, = Z Z 'én,r,j,sl

rels=—-N+1

where

Corsr CA',,,,,j,_;=(n,j)th term of the matrices €, and CA',,S
given by
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C,,=05(X,  +X")

. 5 . (20
C = 0.5(x,,s +X7)
with
P
X, ,= ) EL o"Tv(E, -20(,s))
i=0
nh—1
+ Y El FT()wTvF()E,_,-207(i,s)vTvF())E, _,
i=p+1

+(F(nh)E,_, — Q(nh,r)) vTo(F(nh)E,_, — O(nh,s)),

3
b3

A

X, =Y EF_ FT(OwwF()E, _,
i=0
+200G, ) -y, N wwF(DE,_, (21)
with
N+1
F)= ) gG! (22)
I=1+i-p
N+1
0G,)= ¥ & (23)
[=2+i—]
and v, ,(i,js chosen such that
P 0
Z 'ym,n(i’j)=rnin{ym’|I?m,n(i)i Z Em,n,l—j
j=-N+1 j=-N+1
p
+ Y 10,000 @8
j=-N+1
and
ym=max{07(ygnp_ym,max)7(ym,min '—y;‘zp)} (25)

Summary of proof. Let us define an augmented objective
function

no

1) = T {oy (k) — yi7)°

i=1

+ w,maX(O,[y,(k) - y,'m“]’[yimin - y,(k)])z}

no nh no nw

+ Y0 ) ()—’i(k+f)_)’isP)2+ Yow ) & k+))

i=1 j=1 i=1 j=1

ni P
+ Y Y rl-,].Auiz(k+j), (26)

i=1j=-N+1

which is minimized with respect to {e(k +1),..., e(k + nw),
Au(k), Au(k +1),...,Au(k + p)}. The on-line cost J(k) is
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also minimized with respect to the same variables. Let the

solution of the EQDMC of the augmented objective function

at time k be
O(k) =

min I(k)

e(k+1),..., e(k + nw),Au(k),AuCk +1),..., Aulk + p)
7

subject to the constraints, Egs. 3 to 8.

Conditions i and ii of the theorem guarantee a feasible so-
lution to the preceding optimization problem.

The idea of obtaining condition v of the robust stability
theorem lies in developing conditions that ensure that the
sequence {®(k)F;_, converges to 0. To obtain these condi-
tions, consider the optimization problem at time k +1, that
is,

dk+1)= min I(k+1)
ek +2),..., ek +nw+ 1),Aulk + 1), Aulk +2),..., Aulk+p+1)

(28)

and subject to constraints 3 to 8 at time & + 1.
If ®*(k +1) is any suboptimal cost at time k + 1, then ob-
viously,

0<P(k+1D)<d*(k+1)

— B> kD[R~ Dk + D] 2D

Therefore, if we find a ®*(k +1) such that ®(k)— &*(k +
1) > 0, then we will have ®(k + 1) < ®(k). To find a suitable
®*(k +1), let us denote by

{e(k +1),6(k+2),..., é(k + nw),Au(k) Aa(k +1),...,
Aa(k + pl},

the solution of the optimization problem at time k. We then
construct the feasible (but not necessarily optimal) solution
at time k +1, {é(k +2), &(k +3),..., &k +nw+1), Ad(k +
D, Aalk +2),..., Ad(k + p), Aiillk + p +1), where Aa(k + p
+1) and é(k+ nw +1) are to be selected, so as to satisfy
constraints 5 and 8. This would yield a suboptimal cost ®*(k
+1). At this point, conditions iii and iv guarantee the exist-
ence of a suitable Af(k + p + 1). After lengthy calculations,
it can be shown that

Pk - &*k+ D = ¥ {0,(3 (k) y7)?
i=1

+wmax(0,[y (k) —y; Tly, - yi(k)])z}

no P
+Y Y sAulk+P GO

i=lj=-N+1

where, & is a function of

e the move suppression terms {r_y. 1, F_y.25-..5 Fpks
e the constraint bounds «
Ad,yy;

e the modeling error bounds, E,.

e the moving horizon lengths nk, nw, p.

min> ®¥max> Ymin> Ymax» Aumax’ dmax’
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Condition v, Eqs. 17 to 25, of the theorem guarantees that
8 > 0, which implies

(k) - d*(k+1)20. 3D
Combining the preceding inequalities with Eq. 29, we get
®(k)>d(k+1)=0, (32)

that is, the sequence {®(k));_, is convergent. From Egs. 29
and 30 we get

*() =k +D+ L {0y, ()~ y?Y

i=1

+wmax(0,(y,() =y, Ly, - vV}

ne P
+Y Y sauk+j)Y. (33)

i=1j=-N+1
Taking limits on both sides yields

0> ¥ {ui(y )~y
i=1

+w,max(0,Ly, () -y, Ly, = »(OD}

max

no §4
+ Y Y sAugk+)P=20, (34

i=lj=-N+1

which implies that y(e) = y°P, that is, zero-offset control.

The complete proof is available in Supplementary Infor-
mation.

This theorem provides a sufficient condition for the robust
stability of the closed-loop EQDMC system, and provides a
methodology for calculating the size of move-suppression
terms. A choice of values for the move-suppression terms
equal to or higher than the values dictated by the theorem
would guarantee closed-loop stability. It is, however, impor-
tant to note that a choice smalier than these bounds on the
move-suppression terms does not imply instability, as this
theorem provides only a sufficient condition for stability.

Remark. In practice, there is a possibility that disturb-
ances violating Egs. 10 and 11 may enter a process. In that
case, the EQDMC optimization problem will not have a fea-
sible solution because of the equality constraint, Eq. 8. Un-
der such circumstances, we may select

ulk+p+j)=u,, ifu , J=0

tmin ™ le T T imax

ulk+p+p=u,, ifu <u , j=20

ulk+p+jp=u,_, fu>u ., j=0 (35)

where u,, is ith input, given by the ith element of the vector
u,, given by

u,=G (y*? —d(k)). (36)
Robust Performance of Multivariable EQDMC

We first define a performance index that can be used in
the selection of optimal values for the controller parameters.

600
500 -
400 |
2 200,
£ 300
o
200 -
100
OO a:‘co l\‘(D 0 ﬁ;‘m”N‘ “— (=] m;oo:"r\“(o w v:m‘N r‘m =] CDI\‘(AD_L‘IO <
S =~ d ® ¥ v o~ & g 2 £ o ¢ ¥ v @~ T © 2 g 7 g
time (min)
Figure 1. Closed-loop response to a step disturbance for Example 1, Design A.
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Then, based on that index, we show how to select the best
performing controller out of the class of controllers that
guarantee robust closed-loop stability.

Definition. We define the performance index, P, for a
multivariable EQDMC closed-loop system by

=

P= T i) - y2y

1k=0

+wmax(O,0y, (k) =y, Ly, = v(OD?}, G

where y; is the ith measured process output, v; and w; are
the weights for the deviation of the ith output from the set-
point and the output constraint violation terms, respectively,
in the cost function J(k) (Eq. 2).

Corollary (robust performance of EQDMC, Genceli (1993))

The EQDMC controlier, defined by the set of relations 1
to 8, achieves a closed-loop performance, P, bounded as fol-
lows:

(a) For step-disturbances

no nw

JO =Y v, Z()’z(l) P+ Yow ¥ etk +))

i=1 j=1 i=1 j=1

+ Z Z r,]Auz(]) (39)

i=1j=0

(b) For arbitrary disturbances that satisfy the conditions of
the theorem,

P< [ max JOl+ O o)
€1h-ns €, Au(0),. ., Aulp)
where
f0)= (B+B)Admax[M+l] (41)
1 no .
( Y Y |la+67 "G
nl=1nl=1
P i 2
+ X (B+67"rG 1E,_jl)n1,"2}) (42)
j=-N=1
and

n no no n .
B=4_ Y oy lAd+G 'r,G™'|
P< min J(0) (38) d\mctn2=1
€1henns €, Au(0),Au(1), ..., Aulp)
£ (v 2
+ IB,+G 'r G 'E,_} (43)
where j:7N+1( i P 1 J)nl,nz
06 |
5
e
=
e}
o o oo I~ o o M N s ) o N~ © Wt M N T O W O~ © n o«
© - 8 o ¥ v o~ ® © ¢ - d @ ¥ L8 o~ T 8 a3 g 5 oo 9
Time (min) ---->
Figure 2. Closed-loop response to a step disturbance for Example 1, Design B.
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with

nh —1

®(k) 2 Dk + D+ T {vy,(k) = y7)

i=1

A=(p+VvTv+ FT(nh)o"vF (nh)~ Y, FT(i)v"vF (i) +w;max(0ly (k) -y, Lly - Yi(k)])z}. (49)
i=p+1
(44) Successive substitutions of ®(k) in the preceding equation,
starting from the initial time k = 0, yields
nh—1
A=(p+Dwiw+ Y, FT()Hw'wF(i) (45) o o
=P+l *®> ¥ ¥ {unto-y)
k=0i=1
B =05(¥7+Y) and B,=05(f7+¥) (46

nh -1
Y= Y 2AFTw"eQG,))~ FT (v oF()E, ;)
i=1
+2FT(nh)o"v(F(nh)E,_; — Q(nh,j)) —N+1<j<p

47
and

3
<

Y= ¥ 2(FT(wwllQG,j)l- v(i, )]
1

i

— FT(DOwTwF()E,_;). (48)

Proof. Given below is the proof for the EQDMC con-
troller for step disturbances. Consider Eq. 30. Choosing & = 0
results in

0.6 |

+w; max(0,{ y,(k) - y,

iy = 2Oy = P (50)
The proof for the cases with more general disturbances, rely
on the same idea, and can be found in Supplementary Infor-
mation.

In the case of general disturbances, too small a value for §
would mean large values for 8 and é, as can be seen from
Egs. 42 and 43. This would give a conservative bound for P.
A larger value for § would increase move suppression, mak-
ing the controller more sluggish, thereby deteriorating per-
formance and resulting in a larger value for P. However, the
bound on P would be tighter.

As illustrated in the next article, in the absence of model-
ing errors and in the presence of constant disturbances, the
performance of the closed-loop EQDMC system improves as
the control horizon p increases, prompting the choice of as
large a value for p as possible for nw = nh = p + N —1. This
is because in the complete absence of modeling errors all the

b=]
Q.
5
(o]

6 @ m N @Bt oA e %@~ e w N - @@ o® o~ @ w e

S - & & <& 8 6 N o ¢ £ &2 ¥ oer =2 Q& 8§88

time(min)
Figure 3. Closed-loop response to a step disturbance for Example 1, Design C.
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move-suppression terms become zero, and hence a larger p
would mean a quicker closed-loop response. However, pro-
cess modeling errors are always present. In such cases, start-
ing from p=p,., and increasing p may initially improve
performance. But increasing p beyond a particular value of-
ten means larger values for the move-suppression terms r,,

14
¥,_1s---» T, as we have observed in a number of simulations.

(Sne could justify this observed behavior as follows: For very
small p, aggressive control action should be penalized to pre-
vent instability. Therefore r; should be large. As p increases
r; could initially decrease. However, as p becomes large, un-
certainty becomes an important factor in the following sense:
To guarantee stability for all possible future outputs {corre-
sponding to all possible process models), the controller must
be very cautious, that is, it must allow very little control ac-
tion. This is because these move-suppression terms are rather
sensitive to increases in p and modeling error. Therefore,
choosing a larger p results in a more conservative controller
(since the move-suppression terms have a damping effect on
the response of the process). Hence, in the presence of mod-
eling error, performance is expected to reach an optimum
value for an intermediate value of p. Values of p above or
below its optimum would result in performance deteriora-
tion. The sensitivity of the optimal performance to changes
close to the optimum p is rather small, as shown in subse-
quent simulations.

EQDMC Tuning Methodology

An EQDMC tuning methodology that results in optimal
performance in the presence of uncertainty is summarized
below:

lmnx’

Step 0. Select values for y; .y, u; uw o, Au;
Ad,»mx, v, w.

Step 1. Choose p = ppin, Where p. is calculated from Eq.
12.

Step 2. Choose nh and aw so as to satisfy Eq. 12.

Step 3. Calculate the move suppression terms as follows:

e Compute vectors C* and é;" using Egs. 19 to 25.

e Determine matrices W and D using Egs. 17 and 18.

e Obtain move suppression terms for the (p + 1)-th move
of the ni inputs, that is, the terms of r, from Eq. 15.

* Knowing r, get r,_, from Eg. 16. Continue determin-
ing r;_, from r; up to r,.

Step 4. If enough values of p have been examined, to re-
veal an optimum, stop. Else, go to 1.

Remarks:

e Although step 0 is straightforward, it is crucial for the
ensuing controller design. In fact, knowledge of d;  and
Ad; may not be readily available, and good engineering
judgment may be necessary.

e The optimization with respect to p, performed by the
preceding algorithm, is computationally inexpensive. Indeed
a single integer variable, p, is involved. Therefore an exhaus-
tive search can easily yield the optimum. From experience we
have found that the J vs. p curve shows an increasing trend,
after an apparent global optimum, that we have found to be
around the value

p= max(pmax,{Nd Yo ) (40)

ili=1,j=1

where Nd,-,- is either the dead time or, for systems with in-

2000 |
‘ Y :
1500 2! b
1000
500
@ 0 : f— oo freitonng ~ i
"5‘ d o~ < © ® o o~ < ©0 [oe] Q (3] < (o]
a - o~ o™ < © ™~ [-2] [+2] 9 e Q ‘d_' L‘t_‘)
=
°  .500-
-1000 | " 3
-1500 \
\
-2000 |
-2500 b
time(min)
Figure 4. Closed-loop response to step disturbances for Example 2, Design A.
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verse response, the time when the pulse response curve first
changes sign.

e It can be intuitively justified that the optimal values for
nh and naw in step 2 are nh = nw = N + p. This was verified
in our simulations, where we examined the sensitivity of #; to
changes in nh.

Simulations

In the following simulations we wish to demonstrate:

e The stabilizing effect of the end condition on an other-
wise unstable closed-loop with conventional constrained
DMC.

e The effect of the control horizon p on the performance
of closed-loop EQDMC systems that satisfy the robust stabil-
ity conditions of the preceding theorem, for different levels
of modeling error.

The simulations are performed for a SISO problem and a
2X 2 subsystem of the Shell Standard Control Problem (Prett
and Garcia, 1988). For both examples, we first demonstrate
the stabilizing effect of the end condition by making compar-
isons between the stability and performance of QDMC and
EQDMC systems, that is, with and without the end condition
introduced, everything else remaining the same. Then,
EQDMC controllers are tuned with the move-suppression
terms calculated so as to satisfy Genceli and Nikolaou’s
(1993b) conditions and their multivariable generalizations
presented herein. Finally, different prediction and control
horizon lengths of robustly stabilizing EQDMC controllers
are considered, in order to obtain the best performance while
ensuring closed-loop stability.

30 -
25

AAA

'RYBRY

&
~

Qutputs

Y
(=
3]
™

Example 1 (SISO)

The plant model transfer function is

(—s+1e 03
(s+1Q2s+1)

P(s)=

where the real plant is simulated by
y=Pu+d.

We use a sampling interval of 0.3 and a settling time of N = 40
to get the pulse response model. We consider an output con-
straint of ~03<y <03, and use p=2, nh=nw="7. The
plant has a 10% maximum modeling error in each coefficient
h; of the unit pulse response model, that is, E; = 0.1k,. We
consider different controller designs. For design A we use a
QDMC controller with arbitrary move-suppression values r,
=15, r;=12, r, = 1.0. In design B we add the end condition
to design A with everything else remaining the same. In de-
sign C we use the stable EQDMC system, that is, design B
with move-suppression terms set so as to guarantee robust
stability according to the stability conditions developed in
Genceli and Nikolaou (1993b). These three designs are sum-
marized in Table 1.

The responses of outputs to a step disturbance of size 0.5
for each of these cases are given in Figures 1, 2, and 3, re-
spectively. As can be seen from these simulations, design A is
unstable. The end condition in design B does have a stabiliz-
ing effect on the response and case C is guaranteed to be
stable at the cost of lower performance.
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Figure 5. Closed-loop response to step disturbances for Example 2, Design B.
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Table 1. Design Summary for Example 1

End Move-Suppression
Design  Condition Coefficients Stability P

A Absent r, =15 o
r =12 Unstable
ry = 1.0

B Present r,=15 Stable, but 233
ry=1.2 stability not
ro=10 guaranteed

C Present r, =758 Stability 2.70
ry=17.06 guaranteed
ry =6.46

Example 2 (MIMO)

We consider the top 2 X2 subsystem of the heavy oil frac-
tionator modeled in the Shell Standard Control Problem
(Prett and Garcia, 1988) as

4.05¢"%  1.77e" %
— 50s +1 60s +1
P(s)=
¢ 5397185 572714
50s +1 60s +1

also examined in Zafiriou (1990). We use a sampling interval
of 4 min and setiling time of N =80 to get the pulse re-
sponse model. We use the following (modified) constraints:

~3.0 < Auy(k)<3.0,
—50<uyk)<5.0,
-05<yk+7)<05

with setpoints
=y’ =00
and step disturbances
di=12, d,=-05.
We choose

p=3, nh=nw=7
and consider four controller designs, designs A, C, and D are
similar to those in Example 1. In this example we introduce
another design B. These designs are summarized in Table 2.
Qur simulations show a behavior similar to that in the SISO
case, for each of the three designs (A, C, and D). This can be
observed in Figures 4, 6, and 7. In design B we use the end
condition, but the move suppression used renders the system
unstable (Figure 5). A comparison of designs B and D
demonstrates the increased robustness of our proposed de-
sign D. We find that in design C here, y(k) does not go to
y*?, but in fact oscillates around it. Clearly the end condition
is attempting to drive the output to y*F, but the move sup-
pression is not adequate.
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Figure 6. Closed-loop response to step disturbances for Example 2, Design C.
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Figure 7. Closed-loop response to step disturbances for Example 2, Design D.

It is quite obvious from the preceding designs that the rea-
son for design A in both examples being unstable is that very
short prediction horizons are chosen. We have demonstrated
here the effectiveness of the end condition and enhanced ro-
bustness of our design, even for short horizons. It is true that
this need not be the only way to make a system stable, but is
an efficient way of doing so. One way to render design A
stable is by choosing a longer prediction horizon. Using the
end condition would, however, greatly reduce the computa-
tional load, specifically in the presence of short output con-
straints.

Performance

So far the simulations have demonstrated the effect of the
end condition on the performance of constrained QDMC sys-
tems. The following simulations seek to observe the de-

Table 2. Design Summary for Example 2

End Move-Suppression
Design Condition Coefficients Stability P
A Absent ro = ra0 =010 o
Fy=ry, =012 Unstable
Fip=T0= 0.12
r3=ry3=012
B Present Fig="ra = 0.06 ©
r =1y, =007 Unstable
Na=T,= 0.07
Fy3=7r3= 0.07
C Present T =ry =010 Stable but  14.85
ry=ry; =012 stability not
r,=ry,;=012 guaranteed
N3 =r3=012
D Present  r, =989 ,7r,,=10.82 25.51
ria=1014,r,, = 1115  Guaranteed
r,=1038,r,,=11.46  Stability
Fia=1063, 7,5 =1182
AIChHE Journal

pendence of performance on the prediction and control hori-
zons. The move suppression terms play a very important role
in the speed of response of the system. The move-suppres-
sion terms are calculated for the plant in Example 1 with
maximum modeling error E; = 5% of g; for values of p from
1 to 12 and nh from p+2 to p+ N. A three-dimensional
plot of ry vs. p and »nh is shown in Figure 8. From this we
see that the move-suppression values are not too sensitive to
the prediction horizon rh at large values of nk. As for the
control horizon p, we observe that it takes a minimum value
corresponding to p = N, where N, corresponds to the N, th
term, where there is a change of sign in the process pulse
response model, that is, gy,;.,<0 and gy, > 0. For mini-
mum phase systems it is at p =1. Figure 9 shows how the
move-suppression terms vary with change in modeling error

Figure 8. Dependence of the move-suppression term,
rq, on p and nh — p, Exampie 1.

September 1995 Vol. 41, No. 9 2093
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Figure 9. Dependence of the move-suppression term, r,, on the error bound, E,, for various p, Example 1.

E; for different control horizon lengths p. Figure 10 demon-
strates the behavior of i vs. i for different control horizons
for Example 1, and Figures 11 and 12 demonstrate the behav-
ior of r,; and r,, vs. i, respectively, for different control
horizons for Example 2.

We then simulated the plant for different levels of error
for p between p.;, and N with nh=nw=p+ N. Plots of

performance index P vs. control horizon length p are given
in Figure 13 for Example 1 and Figure 14 for Example 2.

In the plot of P vs. p for the plant in Example 1, we see
that, for the case with no modeling error, P improves with
increasing p. But with modeling errors, even as low as E; =
5% of g;, we find that performance is best for a low p, that
is, p=4.
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Figure 10. Behavior of r, i=0,..., p for various p, Example 1.
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Figure 11. Plot of r,;, i=0,..., p for various p, Example 2.

The multivariable plant considered, we see the same trend
for P vs. p (Figure 14), though not as pronounced as in the
SISO example. Here too, we find that for the case with no
modeling error, a larger p is better. However, for cases with
even a little modeling error, a value of p between 3 and 9
seems best. We also observe that the P vs. p curve is jagged,
which we cannot fully explain at this time.

Conclusions

In this article we have presented robust stability conditions
and have demonstrated the robust performance features of
multivariable EQDMC systems. Based on these conditions,

we have proposed guidelines for tuning closed-loop EQDMC
systems so as to guarantee closed-loop stability and good per-
formance. Through simulations, we have shown that the end
condition proposed here indeed has a stabilizing effect on an
otherwise unstable constrained DMC closed-loop system. The
approach presented in this article can be extended to the var-
ious forms of multivariable MPC that use a pulse or step re-
sponse process model, such as model predictive heuristic
control (MPHC) (Richalet et al., 1978), model algorithmic
control (MAC) (Mehra et al., 1979), dynamic matrix control
(DMO) (Cutler and Ramaker, 1980; Prett and Gillette, 1979),
LDMC (Morshedi et al., 1985), QDMC (Garcia and Mor-
shedi, 1986), provided uncertainty is suitably quantified as
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Figure 12. Plotof r, ,, i=0,..., p for various p, Example 2.
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Figure 14. Dependence of the performance index, P, on the control tiorizon, p, for Example 2.

2096 September 1995 Vol. 41, No. 9 AIChE Journal



perturbations on the model’s coefficients. The end condition
can be naturally incorporated in all of the preceding MPC
variations, and stability and performance issues can be subse-
quently investigated. It should be stressed that the robust sta-
bility conditions in this work are only sufficient. Although our
experience with a few applications has shown that these con-
ditions may not be overly conservative, additional work is
needed. Both necessary and sufficient conditions would be
the ultimate target.
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